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mathematical symbols representing levels of activity of a firm

*Objective function

linear mathematical relationship describing an objective of the fir terms of decision
variables, that is maximized or minimized

eConstraints

restrictions placed on the firm by the operating environment stategar relationships
of the decision variables.

Parameters

numerical coefficients and constants used in the objective functioroasttaint

equations.



FORMULATION OF THE LINEAR PROGRAMMING MODEL

Three components are:

1. The decision variable

2. The environment (uncontrollable) parameters
3. The result (dependent) variable

The Decision Variable

The Constraints

Objective Function

Linear Programming Model is composed of the same components
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Mathematical Formulation of L.P.P

Ifx;¢G=12,..,n)are the n decision variables of the problem and if

the system is subject to m constraints, the general Mathematical model
can be written in the form :

Optimize Z = f(x;, X3, ...X,,)
subject to g, (x, X5, ...X,,) 5,7, 2b,(=12,...,m)

(called structural constraints)
and x;,x3,...x,20,

(called the non—negativity restrictions or constraints)
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Procedure for forming a LPP Model

Step 1 : ldentify the unknown decision variables to be determined and
assign symbols to them.

Step 2 : ldentify all the restrictions or constraints (or influencing
factors) in the problem and express them as linear equations or
inequalities of decision variables.

Step 3 : 1dentify the objective or aim and represent it also as a linear
function of decision variables.

Step 4 : Express the complete formulation of LPP as a general
mathematical model.

We consider only those situations where this will help the reader to
put proper inequalities in the formulation.

1. Usage of manpower. time, raw materials etc are always less than or
equal to the availability of manpower, time, raw materials etc.

2. Production is always greater than or equal to the requirement so as
to meet the demand.
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xample 1. Suppose an industry is manufacturin-g two types of proddcen® P2. The
profits per Kg of the two products are Rs.30 and Rs.40 respectiVagse two products
require processing in three types of machines. The followingetabows the available
machine hours per day and the time required on each machine tocgerode Kg of P1 and

P2. Formulate the problem in the form of linear programming model.

Proft Ko Pl ) Total avalable Machime
R0 R4 hours/day

Machine | ] ! il

Machine ! ] ) il

Machine 3 ) 0 1100




Solurtion: -

The procedure for inear programmung problem formmmlation is as follows:

Infroduce the decision variable as follows:
Let x; = amount of P1
®: = amount of P2

In order to naximize profits, we establish the objective function as
30x; +40xa

Since one Kg of Pl requires 3 hours of processing time in machime 1 while the corresponding
requurement of P2 1s 2 hours. So, the first constrammt can be expressed as

311+E.:{1£ﬁ[l0
Smmlarly, corresponding to machine 2 and 3 the constraints are

3x; 4+ 5x < BOOD
S5x + 6= 1100
In addition to the above there 15 no negative production. which may be represented algebraically as

= 0 > x2=0
Thus. the product nux problem m the linear programnung model 1s as follows:

MMaximize
30wy + 40n0

Subject to:
311 = :—_’J{; = 600
Ix; +5x= 800
S5x + 0632 = 1100
x=0.x=0
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A company owns two flour mulls viz A and B. which have different production capacities for high,
medmm and low quality flour. The company has entered a contract to supply flour to a firm every month
with at least 8, 12 and 24 qumtals of mgh medmm and low qualty respectively. It costs the company
Rs.2000 and Rs 1500 per day to run mmll A and B respectively. On a dav, Mill A produces 6, 2 and 4
quintals of mgh medmm and low quality flour, Mill B produces 2. 4 and 12 quuntals of high medmm
and low quality flour respectively. How many davs per month should each null be operated in order to
meet the contract order most econonmcally.

Solution:

Let us define x1 and x2 are the mills A and B. Here the objective 15 to munimmze the cost of the machine
runs and to satisfy the contract order. The linear programming problem is given by
Minim
2000x; + 1500,

Subyject to:
6x; +2x%: =8
2xi+4 = 12
dx1+ 12 =24

120,520
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Ifferent type of metals, namely, iron, copper, zindd amanganese are required to produce
commodities A, B and C. To produce one unit of A, 40kg iron, @@kpper, 7kg zinc and 4kg manganese
are needed. Similarly, to produce one unit of B, 70kg irorkgldopper and 9kg manganese are needed and
for producing one unit of C, 50kg iron, 18kg copper and 8kgczare required. The total available
guantities of metals are 1 metric ton iron, 5 quintals copequintals of zinc and manganese each. The
profits are Rs 300, Rs 200 and Rs 100 by selling one unit of AnB @ respectively. Formulate the
problem mathematically. Solution: Let z be the total praiitd the problem is to maximize z (called the

objective function’. We write below the giver date in a tabula form

Tron Copper | Zinc Manganese | Profit per

unit
in Rs

A 40kg 30kg Tkg 4kg 300

B 70kg l14kg kg Okg 200

C 60kg 18kg 8kg Okg 100

Available 1000kg | 500kg | 200kg | 200kg

quantities—

10
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To get maximum profit, supposg units of A, X, units of B and x units of C are
to be produced. Then the total quantity of iron needed is (40X0x, + 60x;)kg.
Similarly, the total quantity of copper, zinc and manganese needed are
(30x, + 14x, + 18x)kg , (7x + 0x, + 8x5)kg and (4% + 9x, + 0x;)kg respectively.
From the conditions of the problem we have,

The objective function is z = 300x; + 200x: + 100x: which is to be maximized. Hence the
problem can be formulated as,

Maximize z=300x; + 200=x; + 100x3
Subject to 40x; + 70xz + 60=x3 = 1000
30x; + 14x; + 18x3 = 500
T +0x2 + 8x3 =200
Ay + 9%z + Oxa <= 200
As none of the commodities produced can be negative, x; = 0, x3 = 0, x3 = 0. All these

inequalities are known as constraints or restrictions.
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nt needs *daily 5mg, 20mg and 15mg of vitamins A, B andcespectively. The vitamins
available from a mango are 0.5mg of A, 1mg of B, 1mg of C, thatfian orange is 2mg of B, 3mg
of C and that from an apple is 0.5mg of A, 3mg of B, 1mg of C. If tust of a mango, an orange
and an apple be Rs 0.50, Rs 0.25 and Rs 0.40 respectivelythienchinimum cost of buying the

fruits so that the daily requirement of the patient be metnttdate the problem mathematically.

Solution:

The problem is to find the minimum cost of buying the fruits. Let z be the olyecti
function. Let the number of mangoes, oranges and apples to be bought so that the cost is
minimum and to get the minimum daily requirement of the vitamins bexx X,
respectively. Then the objective function is given by

z=0.50x%+0.25x + 0.40 %

12
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From the conditions of the problem

05x + 0 + 053325
X] +2x; + ixz =2
x) + 3xx+ x3 = 15 and x=0.x=0.x:1=10

Hence the problem is

Minimize z=050x;+0.25x+ 040 xa.

Subject to 05x +0x+05x3=5
®] +2wy+ ixz =20
X1+ 3%+ X3=13

and x;=0.x;=0.x:3=10

13



» Graphical solution is limited to linear programming models containingtardy

decision variables. (Can be used with three variables but only weigh gr

difficulty.)

» Graphical methods provide visualization of how a solution for a linear

programming problem is obtaini
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Step 1: Formulation of LPP (Linear Programming Problem) theegiven data to formulate the LPP.

Step 2: Determination of each axis Horizontal (X) axis: Rictdh (X1) Vertical (Y) axis: Product B (X2).

Step 3: Finding co-ordinates of constraint lines to represenstraint lines on the graph. The constraints are
presently in the form of inequality<j. We should convert them into equality to obtain co-ordasat

Step 4: Representing constraint lines on graph To mark thegpon the graph, we need to select appropriate
scale. Which scale to take will depend on maximum value of X4A2&from co-ordinates.

Step 5: Identification of Feasible Region The feasible args the region bounded by constraint lines. All
points inside the feasible region or on the boundary of tlasif#e region or at the corner of the feasible
region satisfy all constraints.

Step 6: Finding the optimal Solution The optimal solutioways lies at one of the vertices or corners of the

feasible region.

25



Maximize Z= 40x+ 50x,
subject to
1x; + 2%,< 40
4x, + 3%< 120
X1, %2 0

Solution: Considering the constraint inequality and plotting then in graph we have:
Let constraint 1 = 1x+ 2x,< 40

Thatis 1x + 2x, = 40 gives (0,20) and (40,0).

Let constraint 2 = 4x+ 3x,< 120

That is 4x1 + 3x< 120 gives (0,40) and (30,0)

Let constraint 3= x,=20

Thatisx=0, =0

16



bodx+ 3y <120

30 1
= = 40

D = (0, 20

20

10 4 _ ~ C=(24,8)
Feasible Region

1Bz @ 0 B=(300

-20 -10 xtnﬂ 10 20 30

-0




S. No| Point Z= 40x+ 50x%,
1 A(0,0) 0

2 B(30,0) 1200

3 C(24,8) 1360 = Max z
4 D(0,20) 1000

Therefore, the Max Z = 1360 ,; X24 and x=8

18



Minimize Z= 3x + 5%,
subject to
-3X; + 4%,< 12
x1<4
2Xi= %5 22
X, 22
2X; + 3%,=212
X1, %20

Solution: Considering the constraint inequality and plotting then in graph we have:

Let constraint 1 = -3x+4x,<12: (0,3) and (-4,0)

Let constraint 2 =xk 4 : x1=4

Let constraint 3 = 2x-x, =2=-2:(0,2) and (-1,0)
Let constraint4 =x =>2:x, =2

Let constraint 5 = 2x+ 3x,2 12 : (0,4) and (6,0)
Let constraint 5 = x x,=20:x,=0, %=0

19
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S. No | Point Z= 3x+ 5%
1 A(3,2) 19 = Min Z
2 B(4,2) 22

3 C(4/5,18/5) | 102/5

4 D(4,6) 42

5 E(3/4,7/2) 79/4

Therefore, the Min Z =19 ,,%3 and x=2
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Maximize Z= %-2x,
subject to
X+ X<1
6X, +4 X, = 24
0<x;= 5
2<X,<4

Solution: Considering the constraint inequality and plotting then in graph we have:
Let constraint 1 = -x+ x,<1: (0,1) and (-1,0)

Let constraint 2 = 6x+4 x, = 24: (0,6) and (4,0)
Let constraint 3 = & x; < 5: %, =0 and x =5
Let constraint4 = x,<4:x, =2 and x =4

22



JEM o+ Ay = 24

2, 3)

Feasible Region

A= (267 2)
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S. No | Point Z= X-2%
1 A(8/3,2) -4/3

2 B(5,2) 1=MaxZ
3 C(5,4) -3

4 D(3,4) -5

5 E(2,3) -4

Therefore, the Max Z =1 ,,x%5 and x=2

24



Maximize Z= 2%+ 3X,
subject to
X1 -X,< 2
Xy + %2 4
X1, %2 0

Solution: Considering the constraint inequality and plotting then in graph we have:
Let constraint 1 = x-x,<2: (0, -2) and (2,0)
Let constraint 2 = x+ x,= 4 :(0,4) and (4,0)

Let constraint 3= X,20:x=0, %=0

25



Feasible Region

Here the solution space is unbounded.
So considering the point on the feasible region(and B(0,4) the max z=12 at B.
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Maximize Z= 4%+ 3x,
subject to
X1-X,=-1
-X; + %<0
X1, %2 0

Solution: Considering the constraint inequality and plotting then in graph we have:
Let constraint 1 = x- x,<-1: (0, 1) and (-1,0)
Let constraint 2 = - X+ X,< 0 : X, < X,

Let constraint 3= Xx,20:x=0, %=0

27



-+ y = 0

Here there no feasible region exist. That is natsmt space.

28
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SIMPLEX METHOD - PRACTICE
PROBLEMS



Problem 1:
Max "2 = 15xt113;

Subject to constraints:

4x,+5x%x,< 1500

155, e s 1, P b I
X, +2x,< 420

> TR il B



Solution :

e e e

~ Step 1: Convert all the inequality constraints info equalities
by the use of slack variables

Let S;. S;. S;be three slack variables.

Introducing these slack variables into the inequality constraints
and rewriting the objective function such that all variables are
on the left-hand side of the equation. Model can rewritten as:

Z - 13%,-11x,= 0

Subject fo constraints:

4x,+5%,+ S, = 1500
5x,+3%,+S,= 1575

X+ 2% 5y =420

X1, X5,5,S,,5=2 C



« Step II: Find the Initral BES.

One Feastble solution that satisties all the
constramis 15; X,= 0, x,= 0, S,= 1300,

§ = 1575, $.= 420 and 70

Now, §,,S,, S, are Basic vartables.



Sol.

Row Basic Coetficients of:

NO. Variable b o ki 0
Al Z -13 [-11 |0 (0 |0 0

Bl S 4 So g 0 1500 |375
C1 S, 5 LGRINE S B 1575 |315
DI S 1 a1 LM SR 200 [420

Step IV: a) Choose the most negative number from row Al(1.e Z row). Therefore.
X, 15 a enfering variable.




Step V: x, becomes basic variable and S,becomes non basic

variable. New table 1s:

Row |Basic (Coethicients of: Sol. |Ratio
NG Vﬂl’lﬁ Z :.{1 l‘{j Sl 51 53
ble

7 A 1 |0 |-16/5 |0 |13/5 [0 |4095
Bl &

0
Cl X, 0 |1 3/5 3 B VYR S Y S P s

DI S; 0 |0 T 0 |-1/5 (1 [105 |75




Next Table 1s ¢

Row |Basic Coefficients of: Sol.
NO. ;*“1'215' Z o lm g almeslie

Al Z B0 0 0 | 15/7 | 16/7 |4335
Bl S, 0 |0 0 1 3T, =137 - |45
Cl X, 0 | 0 0 (2/7 -3/7 270
DI |x, 0o |o 1 B A ST e 7S

Optimal Solution 1s : x;,= 270, x,= 75, Z= 4335




Problem 2:

2. Solvethe LPP by simplex method.
Maximize Z =3x, +2x, + 5%,
Subjectto x, +4x, =420
3x,+2x, =460
X, +2x, +x;, =430
Solution :

By introducing non-negative slack variables s;.s, and s; the standard form
of LPP becomes

Maximize Z = 3x, + 2x, +5x, +0s, +0s, + Os,

Subjectto x, +4x, +s, +0s, + 0s, = 420
3%, +2x,+0s,+5s, +0s, =460
X, +2X, +X,; +0s, +0s, +5, =430
And x,.x,,%;.5,,5,,8; =0

Sincethere are 3 equations with 5 variables, the initial basic feasible solution
is obtained by (6-3)=3 variables to zero.

TheIBFS is (x,=0.x, =0,x; =0, non-basic),s, = 420,s, = 460.s, = 430



The imitial simplex table 1

Initial Iteration:

Cg IYe |Xg |y |y %3 S |$ |s [ratio

0 |s (420 {1 |4 {0 1 |0 |0 -

0 [s, 460 |3 [0 ((2) [0 (1 [0 [46072=230°
0 |s; (430 |1 |2 1 (0 (0 |1 [430/1=430
Zi: G 0 (-3 (-2 (-5 (0 (0 |0

Since there are some (Z-C;) are negative, the current basic feasible
solution is not optimal.

X3 enters and s2 leaves the basis.




First Iteration:

GG (Yg (X 1Y% (% (% |§ |& [& |ratio

0 s (420 (1 |4 [0 (1 [0 [0 [4204=108
S o0y (230 (32 10 |1 (0 |12 |0 -

0 s (200 [-1212 [0 [0 |-12 (1 |2002=100%
Li G 1150 192 (-2 (0 |0 |52 |0

Since there is an (Z-C;) =-2, the current basic feasible solution is not
optimal

Here x2 enters and s3 leaves the hasis.




SecondIteration:

G |Ye [Xg [N 1%y %% [$ [$ |$ |ratio
0 (s 120 (2 (0 (0 |1 |1 |-2

5 xy 230 (32 (0 (1 |0 |12 |0

2 |y (100 |-1401 {0 (0 |-14 |12

LG 135014 (0 (0 (0 (2 |l

Since there are some (Z-(;) >0, the current basic feasible solution is
optimal

illw optimal solution is Max Z=1350,x1=0, x2=100, x3=230.




THANK YOU
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PROE 1: Solve the Transportatior

Factory 2

Requirement

Warehouse
A B C D E F  Available
9 |12 9 6 9 10 |§
7 3 7 F 5 3 |6
6 > 9 11 3 11 |2
& F. %' 11 2 2 10 |9
4 4 6 2 4 2

13
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Step 1: Check whether the problem is balanced or not.

Solution:

If the total sum of all the supply from sources is equal to the total sum of all the
demands for destinations then the transportation problem is a balanced

Warehouse
A B C D E F  Available
1| 9 - 12| 9 6 9 10
Factory2| 7 | 3 | 7 7 5 5
SE & IS 9 11 3 11
4| 6 8 _ 11 2 2 10
Requirement 4 4 6 2 4 2

44



Vogel's approximation method, the initial solution is as shown in the .

following table:
9 12 9 6 10
T

7 3 7 7 5

6 5 9 11 11
1

3] 8 11 2 10
3 2 4

Since the number of non-negative allocations is 8§ which is less than
(m+ n-1)=(4+ 6~ 1)=9, this basic solution is degenerate one.

45



9

12

9

6

9

10

11

11

6

3

11

10

The initial transportationcost = Rs. 9 x5+ 3 x4 + 5 x-2+ 63 ]

4+8 x e +9x 1 +6x3+2x2+2 x4
= Rs.(l1I12+8 €) = Rs. 112/-, € — 0.

To resolve degeneracy, we allocate a very small quantity € to the cell
(4.2), so thai the number of occupied cells becomes (m + n—1). Hence the
non-degenerate basic feasible solution is as shown in the following table.

46
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A

Cl d-—path—congishin hor: and vertical lines
' eginning and ending at the cell for which) is most negative and having its other corners at some

allocated cells. Along this closed loop indicat&and -0 alternatively at the corners. Choose minimum
of the allocations from the cells havind—Add this minimum allocation to the cells with6+and

subtract this minimum allocation from the allocation to tdedls with 6.

9 6|128 |9 6 2]o 2 [0 10
5
3 4 & 7 0
7 1|3 7 4107 35 35
4 2
6 3 10 |8
i 2 10
6 |5 _3; 9 12 |3 |1
1 _3T 1 0 1 1
6 8 L 1 9 |2 2 10 10
3 " 2 4 |,

48



u2=-2

0 7
T 1 3 2
1 _Lg 1
Ill_g 2 g3
4




Since all du > 0 with d>3 = 0, the solution under the test is optimal and
an alternative optimal solution is also exists.
The optimum allocation schedule is given by x;3 = 5. x5, = 4,
X206 =2, %331 = L, 333 =€, x33= 1, 241 = 3, x44 = 2, x45 = 4 and the
optimum (minimum) transportation cost is
= Rs.9x5+3x4+5x2+6x1+5xe+9x|1+6x3
+2x2+2x4
= Rs.(l12+5 €)
= Rs. 112 as e - 0.

50



Source
53
S4

Demand(Dj):

Destination

D1 D2 D3 D4 D5
10| 2 3 15] 9

5 10 15 2 4

15] 5 14 7 1

| 20 15 13 25| 8
20 20 10 10 35

Supply(5i)

H

20

30

51
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Source 2

| Demand :

3

1: Solve the Transportatior

FCEK T

Destination
A B C D
b 1 |20 -7 8
21 |'F6. | 20 12
13 121 18 | 9
30 25 35 40

Supply
50
40

70

54



Solution : Since the total supply (Xa, = 160) is greater than the total

jemand (Zb; = 130), the given problem is an unbalanced transportation

lem. To convert this into a balanced one, we introduce a dummy

gestnation E.with zero unit transportation costs and having demand equal
0 160 - 130 =30 units.

- The given problem becomes
Destination

Supply

2 B C D E
i A 20| 7 8 0 |50
Source2 | 21 | 16| 20 | 12 0 |40
3| 8 |42 | 18 9 0 (70

30 25 35 40 30 160

55
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ution is as shown in the following table

By using VAM the initial so
111 20 7 8 0
35 15
21 16 20 12 | 0
10 30
8 12 18 9 0
30 25 15

. The initial transportation cost

= Rs. 7x35+8x 15+ 12x10+0x30+8x30+12x25+9x15

= Rs. 1160/-




ul=g

u2=12

u3=g9

Since all d..> 0. the solution under the test is optimal and unine

8 0 -4
35 15
a 9 - 4
81 11l . 15120 11|12 0
10 30
10 1 9
8 12 g8 821|9 0 -3
25 15
10 3

The optimum (minimum) transportation cost

= Rs.7x35+8x15+12x10+0x30+8x30+12x25+9x |5

= Rs. 1160/-

=-1 v4=0 v5=-12 -

vli=-1 v2=3 v3
! {11 7 |20 11 |7

X7



2. Solve ﬁTransp ton-t .

Destination
D2 Dy D,
S E O PR I
| S—
SourceS, | 11 | 5| 2 | 8
S; (10 (12| 4 | 7
Demand 85 35 50 45

-~

K.BHARATHI, Assist

SCSVMV

istant Professor of Mathematics,

Supply
70
55

70



Solurion : Since the total demand (Xb, = 215) is greater than the total -

supply (Xa, = 195), the given problem is unbalanced transportation
problem. To convert this into a balanced one, we introduce a dummy

source S, with zero unit transportation costs and having supply equal to
215—-195 = 20 units. .. The given problem becomes

D, D, Db, D,

Sy [(06=| L | 9 LIl j:]lpply
!Sz 1 (ES 2 8 55
S; (10 [127] "4 | 74
54 0 0 0 0 20
85 35 S0 45 215

K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV 59



6 1

65 S5
11 s

30 25
10 12
| 25 45

0 0

20

I.It ¥

K.BHARATHI, Assistant Professor of Mathematics,

SCSVMV
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Profits (Rs)/Unit
Destination
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method the initial basic feasibl

4 | 19 22 11 0 =
10 60 30

6 6 16 14 0
20 50

—d

Since the number of non-negative allocations at independent positi
15 6, which is less than (m + n— 1) = (3 + 5 — 1) = 7, this initial solutio e
~degenerate. n is

- To resolve degeneracy, we allocate a very small quantity € to the cell
' (1,5) so that the number of occupied cells becomes (m +n—1) He
_the initial solution is given by P

K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV 69
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v2=6 v3=22 va=11 v5=0
ol B 108 -6, | 22 11 0
iy 1_0 :* ¥l 60 30 E

O OB N47 18114 5 o
u2=-4; 3(0) |

6 4ul6e « [16 22[14 11]0

i
L

K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV 71



K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV 72



K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV 3



| 7
!0 i: 3.4 I | L S A (s
30 fr =2 gn?
1 4| 4
6. =6 16 14" 15 |0 —6
20 50 | ) T
g 9 6

K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV 74



P———

4
20
0

19

22
10

_f?)

!

Il
30

0

S0

|
+
0

|
5
)

e

—0

|

14

6

20

-

16 -
50

=1

14

K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV

7D



14

10

14

20

16 -

S0

14

K.BHARATHI, Assistant Professor of Mathematics,

SCSVMV

76



1L Jo
30 | 50

147 (0 -4

L [
B |16 14970 ¥=2
L o 5 0(,_} X A 'H3 =_2
j ) i ;‘! ) m 'gm

The optimum 1?}??; it

=33 %

K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV 77



K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV -8



s

K.BHARATHI, Assistant Professor of Mathematics,
SCSVMV

79



UnitII =
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Step 1: Find the initial basic feasible solution of the given problem by Norh@erner
Rule (or) Least Cost Method (or) VAM.

Step 2: Check the number of occupied cells. If there are lessrithan — 1, there exists
degeneracy and we introduce a very small positive assignment oitable independent

positions, so that the number of occupied cells is exactly egqm + n— 1.

Step 3: Find the set values, v, (i=1, 2, ..m;j =1, 2, ..n) from the relatiort; = u; + v, for
each occupied celi,(j), by starting initially withu; = 0 orv; = O preferably for which the

corresponding row or column has maximum number of individual allocations.
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Step 4: Findu, + v; for each unoccupied celi, () and enter at the upper right corner of the

corresponding cell(j).

Step 5: Find the cell evaluations; = ¢, — (u, + v;) for each unoccupied celi,(j) and enter

at the upper left corner of the corresponding celf)(

Step 6: Examine the cell evaluation d; for all unoccupie cells (i, j) anc concludethat

*If all d;> 0, then the solution under the test is optimal and unique.

If all d;> 0, with at least onel; = O, then the solution under the test is optimal and an
alternative optimal solution exists.

*If at least oned;< O, then the solution is not optimal. Go to the next step.
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Step 7: Form a new BFS by giving maximum allocation to the cell for wheghs most

negative by making an occupied cell empty. For that draw a closed pathstiogsof
horizontal and vertical lines beginning and ending at the cell for wijas most negative
and having its other corners at some allocated cells. Along this closedrdaate ©
anc -9 alternativelh at the corner. Choos: minimunr of the allocation: from the cells
having 0. Add this minimum allocation to the cells with9+and subtract this minimum
allocation from the allocation to the cells witlh.—

Step 8: Repeat steps (2) to (6) to test the optimality of this new basic feasible@ulut

Step 9: Continue the above procedure till an optimum solution is attained.
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Destination

D1 D2 D3 D4 Supply(Si)
I I
250
01
sy O2
Source 5 2 - 9 350
03 8 3 3 5 400

Demand(D): 200 300 350 150
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Solution: ~

Step 1: Check whether the problem is balanced or not.
If the total sum of all the supply from sources 01, 02, and 03 is equal to the total sum of all the

demands for destinations D1, D2, D3 and D4 then the transportation problem is a balanced

transportation problem.

Destination
D1 D2 D3 D4 Supply(5i)
250
01
3 1 7 4
Source U2 . 150
03 400
Demand(Dj): 200 300 350 150 1000
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Step 2: Finding the initial basic feasible solution.
Any of the three aforementioned methods can be used to find the initial basic feasible solution. Here,

NorthWest Corner Method will be used. And according to the NorthWest Corner Method this is the final
initial basic feasible solution:

Destination
D1 D2 D3 D4 Supply(Si)
! !-! li
01 e
-0
Source 92 —3E6-108

i)

03 406— 150- 0

Demand(D;j): = 1000

Now, the total cost of transportation will be (200 * 3) + (50 * 1) + (250 * 6) + (100 * 5) + (250 * 3) +
(150 * 2) = 3700.
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e optimal Solution™

*Find set valuesy, v, (1= 1, 2, ..m; ] =1, 2, ..n) from the relationc; = u; + v, for
each occupied cell (),

*Find u; + v, for each unoccupied celi,() and enter at the upper right corner

*Find the cell evaluationd; = ¢; — (U, + Vv)) for each unoccupied cell,(j) and enter

at the lower left corner of the corresponding celj).

oIf all d;> 0, then the solution under the test is optimal and unique.

*If all d;> 0, with at least onél; = 0, then the solution under the test is optimal and
an alternative optimal solution exists.

*If at least oned;< 0, then the solution is not c]>vpt|mal
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{ ertical lines
beginning and ending at the cell for which) is most negative and having its other corners at some
allocated cells. Along this closed loop indicatéand -0 alternatively at the corners. Choose minimum

of the allocations from the cells having.—
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um allocation to thé
focation to the cells with) —
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Here all ¢> 0, then the solution under the test is optimal amique.

he otal costie, (250 1)+ (200 2)  (1503)  (30*+3)# (200 3) (150 2) = 450
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v rs oA A

An.assignment problem is a particular case of transportadiob where

e Objective is to assign
a number of resources to an equal number of activities so amioize total cost or maximize total

profit of allocation.

The problem of assignment arises because available resogtch as men, machines etc. have
varying degrees of efficiency for performing different iaittes, therefore, cost, profit or loss of

performing the different activities is different.

Suppose that we have'‘jobs to be performed onny machines (one job to one machine) and our
objective is to assign the jobs to the machines at the minirnast (or maximum profit) under the

assumption that each machine can perform each job but witiingadegree of efficiencies.
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~+ ~Fhe assignment problem can be stated that in the form i matrix (cij) called a

Cost Matrix (or) Effectiveness Matrix wherec; is the cost of assigningf® machine

to j"job.

Jobs
1 2 3 ]
1 Cii Ci12 Ci3 Cin
2 Cx1 Ca2 Caz =+ - Con
Machines C31 G2 C33 -+ -+ COsp
m le sz Cm3 e e Cmn




Consider an assignment problem of assigning » jobs to » machines (one job to one
machine). Let ¢; be the unit cost of assigning i/ machine to the ;& job and,

Let x_ =

i

1, ifj”job is assigned to 7"machine
0, ifj”jobis not assigned to 7"machine

The assignment model is then given by

Minimize Z = Z Z c,x, subject to the constraints,

i=1 j=1

mn

in}- =1i=12-n
j=1

x;j=0(or)1
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Transportation Problem

Supply at any source may be any
positive quantity a;.

. Demand at any destination may be any
positive quantity b;.

One or more source to any number of
destinations.

Assignment Problem

Supply at any source (machine) will

bel.1e.,a=1.

Demand at any destination (job) will
be I.1e., bi=1.

One source (machine) to only one
destination (job).
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First check whether the number of rows is equal to number of columns, if it is so, the
assignment problem is said to be balanced. Then proceed to step 1. If it is not balanced, then it
should be balanced before applying the algorithm.

Step 1: Subtract the smallest cost element of each row from all the elements in the row of the

given cost matrix. See that each row contains at least one zero.

Step 2: Subtract the smallest cost element of each column from all the elements in the column
of the resulting cost matrix obtained by step 1 and make sure each column contains at least one
Zero.

Step 3: (Assigning the zeros)

(a) Examine the rows successively until a row with exactly one unmarked zero is
found. Make an assignment to this single unmarked zero by encircling it. Cross
all other zeros in the column of this encircled zero, as these will not be
considered for any future assignment. Continue in this way until all the rows
have been examined.

(b) Examine the columns successively until a column with exactly one unmarked
zero is found. Make an assignment to this single unmarked zero by encircling it
and cross any other zero in its row. Continue until all the columns have been
examined.
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Step 4: (Apply Optimal Test)
(a) 1f each row and each column contain exactly one encircled zero, then the current
assignment is optimal.
(b) 1If at least one row / column is without an assignment (i.e., if there is at least one
row / column is without one encircled zero), then the current assignment is not
optimal. Go to step 5.

Step 5: Cover all the zeros by drawing a minimum number of straight lines as follows:

(a) Mark the rows that do not have assignment.

(b) Mark the columns (not already marked) that have zeros in marked rows.

(c) Mark the rows (not already marked) that have assignments in marked columns.

(d) Repeat (b) and (c) until no more marking is required.

(e) Draw lines through all unmarked rows and marked columns. If the number of
these lines is equal to the order of the matrix then it is an optimum solution
otherwise not.

Step 6: Determine the smallest cost element not covered by the straight lines. Subtract this
smallest cost element from all the uncovered elements and add this to all those elements which
are lying in the intersection of these straight lines and do not change the remaining elements
which lie on the straight lines.

Step 7: Repeat steps (1) to (6), until an optimum assignment is obtained.

—
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- PROBLEM 1: Solve the following assignment problémown in Table using Hungarian method.

The matrix entries are processing time of each iméours.

Job

IT

ITI

IV

1
—
20
18
21

17

\\LB

Men

15

20

23

18

18

18

12

25

21

16

20

14

27

23

19

25

15

25

20

20-_‘./
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=T

25

23

20

23

21

18

17

20—‘/

16 19

18

%JE

(|
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Therefore, the optimal solution is:

Job Men Time

I 2 15

II 4 14

11 1 21

v 5 20

\Y 3 16
Total time 86 hours




PROBLEM: 2
llocated to the different machines are indicated below. Assign the
achines for the johs sn that the total processing time is minimum

Jobs Jy

Solution: The given problem is balanced with 5 job and 5 machines

let A=

("'

M,
9

43
41
74

36

9

43
41
74

36

Machines
M, M,
22 S8
78 72
28 9]
4z 27
11 57

22
78
28
42
11

58
72
91
27

57

1
50
37
49

22

My,

11
50
37
49

22

19
63
45
39
25

"\\

-

Mg

19
63
45
39

25

The processing time in hours for the jobs when -
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25 XK 46 9 4)v 25 % 9 4]
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The optimum assignment schedule is J;— My, Jo— My, J3— M,,
J4 — My, J5 —> M5 and the optimum (minimum) processing time
= 11+43 +28+ 27 + 25 hours
= 134 hours.
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oNns SO as

=2 c
- to maximizethe profit?

Person
Counter A B C D E
1 30 37 40 28 AD
2 40 24 27 21 36
3 40 32 33 30 35
4 25 38 40 36 36
5 29 62 41 34 39

Solution: The given problem isbalanced with 5 counter and 5 per son

107



28
21 36
30 35
25 38 40 36 36
2g &2 41 34 39
e o

To convert the problem as minimization we reduce the matrix by subtracting all entry
by the largest value , that is 62

- N
39 75 22 34 22
22 38 35 41 26
A= | 30 29 30 27
37 24 22 26 26
33 0 21 28 23
" J
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10

15

33

16

[

16

[

3

13

21

E3

13

24

23

S S

b A |
=
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A= @ 4 3 2 1
19 2 :B< @ 4
37 0] 21 24 23

'\ J

Optimal Assignment Root= 1-C, 2-E, 3A+ 4D + 5B
Substituting values from original table: 40 + 36 + 40 + 36 + 62 = 214.
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PROBLEM: 4 A company has four machines to do three jobs. Each -

job can be assigned to one and only one machine. The cost of each job
on each machine is given in the following table.

Machines
1 2 3 4
A 18 24 28 32
Jobs B 8 13 17 19
C 10 15 19 22

What are job assignments which will minimize the cost?

Solution: '

Since the number of rows is less than the number of columns in the
cost matrix, the given assignment problem is unbalanced.

To make it a balanced one, add a dummy job D (row) with zero cost
elements. The balanced cost matrix is given by
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32

28

24
i3
15

18

19

17
19

let A

10

0/

147

11

10

12

0/
14\

10
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' ~
. %K [0] 4 6
AKX XK - T s
w—el—%6
R i
0 1 1 5
~ 2 0 o 2
o o o 3
9 4 0O o
I 1 5
A Bl [O] X 2
X X [0 3
9 4 b -

. The optimum assignment schedule is given by A — 1,
B—>2,C—-3 D->4andthe optimum (minimum) assignment cost
= (18 + 13+ 19 + 0) cost units = 50/- units of cost
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A travelling salesman plans to visit n cities. He wishes to visit eatghonly once,

and again arriving back to his home city from where he started. So thabthle t

travelling distance IS minimum.

If there are n cities, then there are (n - 1)! possible ways for his tourekample, if
the numbe of cities to be visitec is 4, ther there are 3! = 6 differeni combinatiol is
possible. Such type of problems can be solved by Hungarian method, branch and

bound method, penalty method, nearest neighbor method.
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Example 1:

A travelling salesman has to visit four cities. Wishes to start from a particular city, visit eaxly

once and then return to his starting point. Theellang time (in hours) for each city from a
particular city is given below:

To
A B C D

Al - 46 16 40
H e Sk Al
C| 82 32 - 60
DRaD- o dO 3

From

Solution:
The Cost matrix of the given travelling salesmaobpem is

o 46 16 4
STEP1: 41 o 50 40
82 32 o 60
40 40 36 o

Now we solve this as a routine assignment problem



STEP 2: © 30 0 24
1 o 10 O
50 0 o 28
4 4 0 o

o 30 0 24

Hceeviiae )
STEP3: e

3. 40w

o 30 0] 24

0 « 10 X

- 49 [0 = 28
STEP 4: M,

STEP 5:




S-I-EPG agun o2’
: A L )

49 0 o« 28
Qrnfaifiitieo

» 27 [0] 21
B x 13 [0]
STEPS: 9 [0 » 28
EIXGD

Since each row and each column contains exactheooicled zero, the current
assignment is optimal for the assignment problem.

Therefore the optimum assignment schedule is goyen
e M e i s A B

(i.e) NG BB DDA

Therefore the required minimum costs = 16+32+40+40
= 128/- units of cost.
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